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Integrated photonics is a leading platform for quantum technologies including nonclassical state
generation [1–4], demonstration of quantum computational complexity [5] and secure quantum com-
munications [6]. As photonic circuits grow in complexity, full quantum tomography becomes imprac-
tical, and therefore an efficient method for their characterization [7, 8] is essential. Here we propose
and demonstrate a fast, reliable method for reconstructing the two-photon state produced by an
arbitrary quadratically nonlinear optical circuit. By establishing a rigorous correspondence between
the generated quantum state and classical sum-frequency generation measurements from laser light,
we overcome the limitations of previous approaches for lossy multimode devices [9, 10]. We applied
this protocol to a multi-channel nonlinear waveguide network, and measured a 99.28±0.31% fidelity
between classical and quantum characterization. This technique enables fast and precise evalua-
tion of nonlinear quantum photonic networks, a crucial step towards complex, large-scale, device
production.
Practical applications of quantum photonic technolo-
gies [11, 12] require the integration of linear and nonlin-
ear waveguides on a single device, where photons can be
generated [1–4] and manipulated [13]. Spontaneous para-
metric down-conversion (SPDC) and spontaneous four-
wave mixing are the two most common processes used
for photon generation on chip with the former being
the most efficient by far, needing only a few microwatts
of pump power for generation rates exceeding several
MHz [14, 15]. Monolithic integration of SPDC sources
with multi-port optical circuits has been achieved in sev-
eral contexts, with applications in quantum communica-
tion [16], quantum metrology [1], spatial multiplexing of
heralded single-photon sources [17], quantum state gen-
eration in nonlinear waveguide arrays [2], and small-scale
demonstrations of reconfigurable quantum photonic cir-
cuits [18].
The near future of quantum photonics will involve an
expansion in scale and applications of integrated circuits
through large scale wafer fabrication. Successful fabrica-
tion procedures require effective device inspection tech-
niques. However, the characterization of the two-photon
state generated by a nonlinear waveguide network is a
cumbersome experimental task [19], requiring a quadrat-
ically increasing number of measurements and resources
with system size. Here we propose and demonstrate a fast
and practical method for the characterization of the two-
photon wave function generated by an arbitrary waveg-
uide device with quadratic nonlinearity that uses only
laser probes and power measurements. This protocol has
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both fundamental and practical importance for the de-
velopment of future integrated quantum photonics tech-
nologies since it could characterize waveguide networks
with tens of modes in a fraction of a second when imple-
mented with optimized hardware.
A method based on stimulated emission tomography
(SET) was proposed [9] for predicting the two-photon
wave function produced by a nonlinear device using the
analogy between spontaneous nonlinear processes and
their classical stimulated counterparts, i.e. difference-
frequency generation or stimulated four-wave mixing.
This technique was demonstrated for spectral charac-
terization of two-photon states [20–23], and fast re-
construction of the density matrix of entangled-photon
sources [24, 25].
However, SET has never been realized on multimode
optical networks since it requires injection of the seed
beam into the individual supermodes supported by the
structure [26]. A possible workaround is to inject the
seed beam into each single channel individually then per-
form a transformation through supermode decomposi-
tion to obtain quantum predictions. Regardless, com-
plete knowledge of the linear light dynamics inside the
whole structure is required, making SET a multi-step
procedure prone to errors and not applicable to “black-
box” circuits. Additionally, SET is strictly valid only in
the limit of zero propagation losses [10], posing a funda-
mental limitation for the characterization of real optical
circuits. Characterization via sum-frequency generation
(SFG), the reverse process of SPDC, gives exact results in
the presence of any type of losses. However, so far it was
formulated only for single, homogeneous waveguides [10],
posing a stringent restriction for the characterization of
ar
X
iv
:1
70
3.
01
00
7v
2 
 [q
ua
nt-
ph
]  
7 M
ar 
20
17
2. . .
1 2 3 npn ins N. . . . . . . . .
. . . . . . . . . . . .
Pump beam
i-photons-photon
SFG
Signal beam
. . . . . . . . . . . .
. . . . . . . . . . . .
12 3 npn ins N
s
Idler beam
ω ωi
ωp
a b
FIG. 1. Scheme for the characterization of the bipho-
ton state produced by an array of N waveguides with
an arbitrary χ(2)-nonlinear process. (a) SPDC: a pump
beam is injected into waveguide np at the input of the de-
vice. Photon-coincidence counting measurements between
each pair of waveguides (ns, ni) at the output are used to
measure pair generation rates and relative absolute squared
values of the wave function. (b) SFG: Laser light at signal
and idler frequencies is injected into waveguides ns and ni in
the reverse direction of SPDC. Absolute photon-pair gener-
ation rates and relative absolute squared values of the wave
functions can be predicted by direct optical power detection
of the sum-frequency field emitted from waveguide np.
more complex devices.
In this work, we uncover a fundamentally important
equivalence between the biphoton wave function and the
sum-frequency field generated by classical wave-mixing
in the reverse direction of SPDC for any multimode non-
linear device, thus overcoming the limitations of previous
approaches. Our theoretical analysis is based on the rig-
orous use of the Green-function method [27] (see Supple-
mentary Information), and holds for arbitrarily complex
second-order nonlinear circuits, in the presence of any
type of losses. More importantly, the SFG-SPDC anal-
ogy can be expressed in any measurement basis, provid-
ing a simple experimental tool for the characterization of
any “black-box” χ(2)-nonlinear process (see Fig. 1).
Multimode SFG characterization can reconstruct any
degree of freedom of the photonic state including spatial
mode, frequency, time-bin, and polarization. Here, we
illustrate its application in a “black-box” device with N
spatial modes of the same polarization, as schematically
depicted in Fig. 1. When a pump beam with frequency
ωp is injected into waveguide np at the input of the device
it produces, by SPDC, the biphoton state (see Fig. 1a)
|Ψpair〉 =
∞∫
0
∞∫
0
dωsdωi
N∑
ns,ni=1
Ψnpnsni(ωs, ωi)
× aˆ†ns(ωs)aˆ†ni(ωi)|0〉 , (1)
where ns and ni are the indices for signal-idler output
waveguide numbers, and aˆ†ns(ωs), aˆ
†
ni(ωi) are the photon
creation operators in the waveguide ns with the frequency
ωs and in the waveguide ni with the frequency ωi, respec-
tively. In the classical SFG process shown in Fig. 1b, we
use the reverse configuration to SPDC. Two beams with
signal frequency ωs and power Ps and idler frequency
ωi = ωp − ωs and power Pi are injected into the wave-
guides ns and ni from the SPDC output directions. The
generated sum-frequency electric field E
np
nsni is detected
from waveguide np.
The sum-frequency field in the undepleted pump
regime is directly proportional to the two-photon wave
function Ψ
np
nsni(ωs, ωi) (see Supplementary Information
for the full derivaion). We can use this correspondence
to infer the squared amplitudes of the wave function
elements by direct optical measurements of the sum-
frequency field power PSFG, and predict the absolute
photon-pair generation rates for SPDC through the rela-
tion:
1
Pp
dNpair
dωsdt
=
ωiωs
2piω2p
ηSFGnsni(ωs, ωi) . (2)
Here, Pp is the power of the pump beam during
SPDC, dNpair/dωsdt is the rate of photon-pair coinci-
dence counts per unit signal frequency, and ηSFGnsni ≡
PSFG/(PsPi) is the sum-frequency conversion efficiency.
In addition to the absolute values of the two-photon
wave function intensity given by Eq. (2) and Eq. (S24)
in Supplementary, we are able to characterize the rela-
tive phases of the wave function components by classi-
cal interferometric measurements of the generated sum-
frequency field. Full spectral characterization of the
biphoton state is obtained by repeating the procedure
for different wavelengths of signal and idler beams, with
an accuracy that is limited only by the spectral resolution
of the laser source.
The SFG protocol was experimentally verified on an
array of three evanescently coupled nonlinear waveguides
schematically depicted in Fig. 2a. The device was fab-
ricated on a Z-cut lithium niobate substrate by the re-
verse proton exchange technique [28, 29] and heated to
T = 84 ◦C to obtain phase matching centred at λ =
1550 nm (see Methods). The three waveguides have an
inhomogeneous and asymmetric poling pattern along the
propagation direction, with five defects introduced by
translating the poled domains by half a poling period Λ
at different locations of the array (see Methods). This
design is based on the recently developed concept for
quantum state engineering with specialized poling pat-
terns [26].
We performed the SFG measurements by coupling two
frequency tunable lasers into the device and measuring
sum-frequency generation from waveguide 1. Figure 2b
shows the SFG efficiency ηSFG as a function of signal and
idler wavelengths coupled to the waveguides 2 and 3, re-
spectively. Similar data were taken for all input combina-
tions (see Supplementary Fig. 1). A maximum normal-
ized conversion efficiency of ' 15 % W−1 was measured
for a sum-frequency wavelength (λ−1s +λ
−1
i )
−1 = 775 nm.
Figure 2c shows the squared biphoton wave function el-
ements |ΨSFGnsni |2 predicted from the SFG measurements
as a function of the pump wavelength, in the degenerate
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FIG. 2. Comparison between SFG and SPDC measurements. (a) Schematic of the device used for biphoton state
generation. The device is made of three coupled waveguides with specially introduced defects in the periodic poling pattern (in-
set). (b) Measured classical sum-frequency conversion efficiency from waveguide 1 as a function of signal and idler wavelengths
coupled to waveguides 2 and 3. (c) Predicted squared relative amplitudes of the biphoton wave function, proportional to the
SFG signal for different combinations of signal and idler in coupled waveguides vs. the pump wavelength in the degenerate
regime (λs = λi = 2λp). (d) Time histogram for the photon coincidences between waveguides 2-3 and waveguides 1-2 for a
28.57 s acquisition time, a pump wavelength λp = 775 nm, and a pump power Pp = 32 ± 5 µW. Time bin width is 82 ps.
Complete data sets are in Supplementary Fig. 2. (e) Normalized biphoton wave functions predicted by SFG (left) and measured
by SPDC (right) for λp = 775 nm.
regime, when λs = λi = 2λp, showing a strong depen-
dence of the generated state on the pump wavelength.
Importantly, such classical data measurements are essen-
tially instantaneous.
To verify the validity of our approach we directly mea-
sured the biphoton state generated by the device by cou-
pling a λp = 775 nm pump laser into waveguide 1 and
measuring the down-converted photon pairs from all dif-
ferent output combinations (see Supplementary Fig. 2).
The pump laser was coupled in the opposite direction
with respect to the SFG lasers. Photon pairs were filtered
with a 6 nm band-pass filter centred at λc = 1550 nm to
restrict the SPDC emission bandwidth to the range mea-
sured by SFG. Figure 2d shows two characteristic time
histograms of photon coincidences for waveguides 2-3 and
waveguides 1-2 outputs acquired by two avalanche pho-
todiodes and a time tagging module. Coincidence-to-
accidental-ratio (CAR) is ' 24.5.
The squared amplitudes of the normalized wave func-
tion elements predicted by SFG and those directly mea-
sured from SPDC are shown in Fig. 2e (see Meth-
ods for details on calculations, and Supplementary
Table 1). The two matrices have a fidelity F =∑
nsni
√
|ΨSFGnsni |2|ΨSPDCnsni |2 = 99.28 ± 0.31 %. The el-
ements |ΨSFGnsni |2 were obtained by integrating the data
in Fig. 2b corresponding to a pump wavelength λp =
775 nm over a bandwidth of 6 nm.
From Eq. (2), using the SFG measurements, we calcu-
lated a photon pair generation rate NSFG ' 2.4 MHz,
which is the sum of the rates from all 6 output combina-
tions. Direct measurement of this rate from SPDC data
gives NSPDC ' 1.7 MHz, showing a good qualitative
agreement between the two values. Overestimation of
the detector efficiencies (η1 = 8%, η2 = 10% as provided
by the manufacturer) is the likely cause of the discrep-
ancy.
Importantly, our method also allows direct characteri-
zation of the phases between the wavefunction elements,
by performing interferometric detection of the generated
sum-frequency. In our case, verification of the gener-
ated state by quantum state tomography would be ex-
perimentally difficult due to phase fluctuations between
the different paths introduced by thermal and mechan-
ical instabilities and the long acquisition times needed
for photon coincidences counting. Hence, the SFG-phase
characterization is only presented as a proof-of-concept
and not directly verified by SPDC measurements.
The experimental setup for phase measurements is il-
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FIG. 3. Measurement of the relative phases between wave function elements by SFG. (a) Schematic of the
experimental setup for input into waveguides 2 and 3. Signal and idler beams are split and recombined with a network of 50:50
fibre couplers and injected into the three waveguides with a fibre V-groove array. An electro-optic phase modulator is used to
generate an interference pattern between the sum-frequency fields generated from the combinations of signal and idler beams in
waveguides 2-3 and waveguides 1-1. SFG and signal-idler beams are collected in free-space at the output of waveguide 1 with a
lens of 0.5 NA (not shown in the figure) and separated with a dichroic mirror. A wavelength-division multiplexer (not shown in
the figure) is used to separate signal and idler wavelengths. (b) Oscilloscope traces obtained by collecting the beams with three
different photodiodes for a modulation frequency f = 500 KHz. The three traces are used to measure the relative phase between
the wave function elements Ψ23 and Ψ11. Solid red line is the theoretical fit (see Methods for details). (c) Relative phases
between wave function elements measured for all the combinations of signal-idler beams in the three waveguides. Waveguide 1
is the fixed reference for all the phase measurements. Measurements are performed for a signal wavelength λs = 1550.12 nm
and an idler wavelength λi = 1556.55 nm. The sample was heated up to T = 108
◦C to get a phase matching condition centered
at 2(λ−1s + λ
−1
i )
−1 ' 1553.3nm. See Methods for a calculation of the error bars.
lustrated in Fig. 3a for input into waveguides 2 and 3.
The depicted procedure allows us to infer the relative
phases between wave function elements θnsni up to the
phases of signal and idler beams −(θsns + θini) measured
at the output of waveguide 1 (see Fig. 3b, Methods and
Supplementary Fig. 3.). The predicted phase structure
of the wave function is shown in Fig. 3c. We note that
the unknown phase multiplier exp[−i(θsns + θini)] doesn’t
alter the degree of entanglement of the biphoton state.
Thus, the set of measured phases can be directly used to
infer the non-classical properties of the generated state
such as the degree of entanglement through Schmidt de-
composition [30]. Based on the SFG phase and intensity
measurements, we obtain a Schmidt number S = 1.59
(see Methods for details on the calculation), which pre-
cisely characterizes the degree of spatial entanglement
and cannot be obtained with only photon correlations.
The SFG characterization method proposed here pro-
vides a fast and resource efficient path for the practical
characterization and development of monolithically inte-
grated networks based on a rigorous theoretical proof of
quantum-classical correspondence. This technique can
be applied to any arbitrary “black-box” second-order
nonlinear device and supports the development of inte-
grated photon sources and large-scale quantum photonics
technologies.
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METHODS
Fabrication of the waveguide array. The wave-
guides were fabricated on a Z-cut lithium niobate wafer
via reverse-proton-exchange. A titanium mask was used
to pattern the channels with a width of 8.5 µm with a
coupling region of 2.96 cm in length and a distance be-
tween waveguide centres of 11.6 µm. Proton exchange
was performed by immersing the sample in a hot benzoic
acid bath creating a 1.85 µm doped layer. Subsequent
annealing in air for 7 hours at 328 ◦C and reverse pro-
ton exchange for 8.5 hours at the same temperature were
performed.
The poling area is 2 cm long and centered in the mid-
dle of the array. The poling pattern was generated by
standard electric-field poling and has a poling period
Λ = 16.07 µm and a 50:50 duty cycle. Defects in the
poling pattern are located at 1173.11 µm, 4017.50 µm,
7536.83 µm, 13723.78 µm and 19042.95 µm from the be-
ginning of the poling region. S-Bends with a sinusoidal
shape and a 5.5 mm length were used at the input and
the output of the array to achieve a 127 µm separation
between waveguide centres matching the pitch of stan-
dard fibre V-groove arrays. The input facet of the chip
is polished at an 8◦ angle to avoid back-reflections into
the waveguides.
Setup for SFG measurement. Signal and idler
beams, generated by two tunable laser diodes with
100 KHz linewidth, were injected into each pair of wave-
guides with a fibre V-groove array. All the beams were
collected in free-space at the output of the waveguides
with a lens with 0.5 NA. SFG and signal-idler wave-
lengths were separated with a dichroic mirror. SFG
power from the output of waveguide 1 and signal-idler
powers from the outputs of all three waveguides were
then measured with two standard power meters. The
measured powers were corrected for Fresnel losses at the
chip interface and used to calculate the normalized SFG
conversion efficiency at the output of the array. SFG
conversion efficiencies for the single channel inputs were
measured by combining signal and idler beams with a
50:50 fibre coupler. The measurement process was auto-
mated with Labview.
Experimental setup for SPDC measurements.
A pump beam with 775 nm wavelength and 100 KHz
linewidth was generated by second-harmonic generation
in a periodically poled lithium niobate waveguide and
injected into waveguide 1 with a lens of 0.5 NA. The
three outputs were collected with a fibre V-groove array,
and photon coincidences between each pair of waveguides
were measured with two gated InGaAs avalanche photo-
diodes and a time-tagging module. A filtering stage in
free-space, made from a set of 5 long-pass filters and a
band-pass filter, was used to attenuate the pump beam by
150 dB and to narrow down the measured SPDC band-
width to 6 nm. Photon coincidences from the single chan-
nels were measured by splitting signal-idler photons with
a 50:50 fibre coupler.
Absolute photon pair generation rates and rel-
ative squared amplitudes of the wave function.
For each pair of waveguides ns, ni, the signal wavelength
was scanned in steps of ∆λ = 0.25 nm in a 6 nm band-
width centered around 1550 nm. At each step j the idler
wavelength was set to (λi)j = (λ
−1
p − (λs)−1j )−1, where
λp = 775 nm is the pump wavelength for SPDC. Ab-
solute photon pair generation rates were calculated by
discretization of Eq. (2) through the relation
1
Pp
dNpair
dt
=
∑
j
ηSFGj
λ2p
(λs)j(λi)j
c∆λ
[(λs)j ]2
,
where ηSFGj is the normalized sum-frequency conversion
efficiency measured at each step j. The pump power Pp
was measured during the SPDC characterization from
the first output of the fibre array. Relative squared am-
plitudes of the wave function elements were calculated
as
∣∣ΨSFGnsni ∣∣2 =
(∑
j η
SFG
j
)
nsni∑
ns,ni
(∑
j η
SFG
j
)
nsni
.
Photon pair generation rates and wave function
square moduli from SPDC measurements. Abso-
lute photon pair generation rates were calculated for each
input combination ns, ni as
dNpair
dt
=
Cnsni
∆Tµnsµniη1η2
,
where ∆T is the acquisition time, µns and µni are the to-
tal transmissions of the single channels (including paths
from waveguides to detectors), and η1, η2 are the quan-
tum efficiencies of the two detectors. Cnsni is the total
number of counts in a time window equal to 2 FWHM
centered around the coincidence peak acquired with the
time tagging module. Accidental counts were measured
in an equal time window away from the peak and sub-
tracted from this value.
7To take into account fluctuations in the pump power
(' 15 %) during the acquisition time, coincidence values
were rescaled by using the average total number of counts
measured from waveguide 2 as a common reference for
the average power. Squared relative amplitudes of the
wave function elements were calculated as
∣∣ΨSPDCnsni ∣∣2 = Cnsni/(µnsµni)∑
ns,ni
[Cnsni/(µnsµni)]
.
Error in the fidelity between correlation ma-
trices. The error in the fidelity between the correla-
tion matrices predicted by SFG and measured by SPDC
was calculated with an iterative numerical algorithm with
N = 106 cycles. At each step we assigned to the two cor-
relation matrices a random value calculated from a nor-
mal distribution with a sigma given by the error in the
measurements. Average value and error in the fidelity
were finally calculated from the simulated distribution.
Second-harmonic generation contributions in
SFG measurements. For SFG-power measurements
second-harmonic generation (SHG) contributions were
first measured by inputting signal and idler beams into
each channel individually. SHG powers were then sub-
tracted from SFG-power measurements. The procedure
was repeated and automated with Labview. For SFG-
phase measurements, SFG and SHG contributions were
separated at the output of the array with the aid of a
diffraction grating.
SFG-phase measurements. We describe, as an ex-
ample, the procedure used for phase measurements for
the case of waveguides 2-3. An equivalent procedure was
used for all the other waveguides combinations. Let us
call, with reference to Fig. 3a, ∆φs (∆φi) the phase dif-
ference at the input of the array between signal(idler)
beam injected into waveguide 2(3) and signal(idler) beam
injected into waveguide 1(1) when no voltage is applied
to the phase modulator. Thermal and mechanical fluc-
tuations are negligible in the given acquisition time and
the two phase differences are assumed to be constant.
The goal of the characterization is to measure the value
θSFG − θs − θi. θSFG is the relative phase between
the sum-frequency fields generated from the combina-
tions of signal-idler beams injected into waveguides 2-3
and signal-idler beams injected into waveguides 1-1 intro-
duced by the array at the output of waveguide 1. θs (θi)
is the phase difference between the signal(idler) beam
injected into waveguide 2(3) and the signal(idler) beam
injected into waveguide 1(1) introduced by the array at
the output of the same waveguide. When a phase modu-
lation with frequency f is applied to the first channel at
the input, the three generated interference patterns can
be expressed as
|ESFG23 + ESFG11 |2 ∝ cos(θSFG + ∆φs + ∆φi − 4pift)
+ constant terms,
|Es2 + Es1 |2 ∝ cos(θs + ∆φs − 2pift) + constant terms,
|Ei3 + Ei1|2 ∝ cos(θi + ∆φi − 2pift) + constant terms.
To obtain the desired values, the acquired oscillo-
scope traces for signal and idler beams are fitted with
the two functions ys = as cos(cs − 2pift) + ds and
yi = ai cos(ci − 2pift) + di. A fast fourier transform
analysis of the oscilloscope trace for SFG reveals that
the signal is made of a fast component oscillating with
frequency 2f and a slow component with frequency f
due to the interference of sum-frequency fields generated
from combinations other than waveguides 2-3 and wave-
guides 1-1 (namely, waveguides 1-2 and waveguides 1-3).
Hence, the SFG trace is fitted with the function ySFG =
a1 cos(c1 − 2pift) + a2 cos(c2 − 4pift) + d. The desired
phases are finally calculated as θSFG−θs−θi = c2−cs−ci.
Uncertainties in the measurements are obtained from the
confidence bounds in the least squares fitting procedure.
Calculation of the Schmidt number from SFG-
phase measurements. The degree of entanglement in
the predicted state is calculated in a non-degenerate case
for two fixed frequencies ωs, ωi by expressing the bipho-
ton state as
|Ψ〉pair =
∑
ns,ni
Ψnsnia
†
ns(ωs)a
†
ni(ωi)|0〉 .
The amplitudes of the wave function elements Ψnsni
are calculated from the results of SFG-power measure-
ments, while the relative phases are calculated from the
results of SFG-phase measurements for the two fixed
wavelengths used in the characterization. The Schmidt
number S is obtained trough the Schmidt decomposition
for a bipartite system
Ψnsni =
∑
j
√
SjUjnsVjni ,
as
S =
1∑
j S
2
j
.
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Squared relative amplitudes of the wavefunction elements.
WF element SPDC SFG
|ψ13|2, |ψ31|2 0.013± 0.003 0.033± 0.005
|ψ23|2, |ψ32|2 0.23± 0.01 0.22± 0.005
|ψ12|2, |ψ21|2 0.212± 0.015 0.195± 0.007
|ψ11|2 0.04± 0.01 0.04± 0.008
|ψ22|2 0.046± 0.007 0.059± 0.005
|ψ33|2 0.006± 0.002 0.009± 0.004
TABLE I. Squared relative amplitudes of the wavefunction elements. Errors for SPDC take into account the poissonian
statistics of the detection process and uncertainties in transmission measurements. Errors for SFG take into account uncertainty
in optical power measurements. The fidelity between the two matrices is (99.28± 0.31)%.
SPDC-SFG correspondence for a general “black-box” χ(2)-nonlinear process.
Here we present a derivation of the correspondence between SPDC process and the SFG process in the reversed
geometry for an arbitrary χ(2)-nonlinear structure, that is reciprocal in the linear regime. This proof generalizes the
Lorentz reciprocity theorem [31] in the form∫
d3rP1(r) ·E2(r) =
∫
d3rP2(r) ·E1(r) (S1)
that links the electric field distribution E1(r) and E2(r), induced by the polarization distributions P1 and P2,
respectively.
The biphoton wavefunction in the SPDC regime [27] reads
Ψ(rs, ri, σs, σi, ωs, ωi) =
∫
d3r0Gσsα(rs, r0;ωs)Gσiβ(ri, r0;ωi)χ
(2)
αβγEp,γ(r0) , (S2)
where G is the electromagnetic tensor Green function satisfying the equation
[rot rot−
(ω
c
)2
ε(r)]Gˆ(r, r′;ω) = 4pi
(ω
c
)2
δ(r − r′) , (S3)
Ep is the pumping wave and χ
(2) is the nonlinear susceptibility tensor. The indices σi and σs label signal and idler
polarizations, respectively.
On the other hand, the nonlinear wave at the sum frequency ωp = ωi +ωs generated from the waves Es(ri), Ei(ri)
in the nonlinear structure can be presented as
ESFG,σp(rp) =
∫
d3r0Gσpγ(rp, r0)χ
(2)
αβγ(r0)Es,α(r0)Ei,β(r0) . (S4)
Inspired by linear reciprocity relationship Eq. (S1) we introduce the polarizations Pi,s,p(r) inducing the correspondent
waves Es,i,p(r),
Eν(r) =
∫
d3r0Gˆ(r, r0;ωp)Pν(r0), ν = i, s, p . (S5)
This allows us to rewrite Eq. (S2) and Eq. (S4) as
Ψ(rs, ri, σs, σi, ωs, ωi) =
∫
d3r0
∫
d3rpGσsα(rs, r0)Gσiβ(ri, r0)χ
(2)
αβγ(r0)Gγσp(r0, rp)Pp,σp(rp) , (S6)
and
ESFG,σp(rp;ωi + ωs) =
∫
d3r0
∫
d3ri
∫
d3rsGσpγ(rp, r0)χ
(2)
αβγ(r0)Gασs(r0, rs)Gασi(r0, ri)Es,σs(rs)Ei,σi(ri) . (S7)
9We have omitted the frequency arguments in the Green functions for the sake of brevity. In the reciprocal structure
the Green functions satisfy the reciprocity property
Gαβ(r1, r2) = Gβα(r2, r1) , (S8)
that is equivalent to Eq. (S1). Comparing Eq. (S6) and Eq. (S7) with the help of Eq. (S8) we establish the general
reciprocity relationship between SPDC and SFG processes in the form∫∫
d3rid
3rsΨ(rs, ri, σs, σi, ωs, ωi)Pi,σi(ri)Ps,σs(ri) =
∫
d3rpESFG,γ(rp;ωi + ωs)Pp,γ(rp) . (S9)
SPDC-SFG correspondence for a coupled waveguide array.
In the previous section we have presented a general proof of the SPDC-SFG correspondence for a reciprocal detection
and excitation geometries. Here we apply this concept to the particular situation of an array of coupled waveguides,
parallel to the z axis. The waveguides can have arbitrary mode dispersion and losses and can be periodically patterned.
Green function expansion. In what follows it will be useful to expand the Green function Eq. (S3) over the set of
the Bloch eigenmodes of the structure with the Bloch wavenumbers βn, characterizing propagation along z direction
at the given frequency ω. The polarization degree of freedom is included in the index n as well. Electric and magnetic
fields of the eigenmodes satisfy the orthogonality relation [32, 33]∫∫
dxdy[En′ ×Hn −En ×Hn′ ]z = snδn,−n′ , (S10)
where sn is the so-called adjoint flux and we denote by the index −n the solution with the wave vector −βn. A pair
of such forward and backward propagating solutions exists at any frequency provided that the structure is reciprocal.
The Green function can be sought as an expansion over the eigenmodes propagating away from the point z′:
Gµν(r, r
′) =

∑
Im βn>0
un,νEn,µ(r) z > z
′∑
Im βn<0
un,νEn,ν(r) z < z
′ ,
(S11)
Here we distinguish between right- and left-propagating modes ∝ e±iβz by the sign of Imβ; for lossless medium an
infinitely small losses can be formally added to the permittivity. In order to find the expansion coefficients un,β we
use the Lorentz reciprocity theorem in the form [32]
c
4pi
∮
S
dS(E ×Hn′ −En′ ×H) = −iω
∫
d3rEn′ · P , (S12)
where E and H are the electric and magnetic fields induced by the dielectric polarization distribution P (r). Namely,
we replace E in Eq. (S12) by the Green function expansion Eq. (S11) and P (r) by the point source term eνδ(r− r′)
where eβ is the unitary basis vector. The integral in the left-hand side of Eq. (S12) is evaluated with the help of
the orthogonality relation Eq. (S10). This yields the equation for the coefficients s−nu−n,ν = −4piiωeν · Em(r′)/c.
Finding un,ν from this equation we present the Green function as
Gαβ(r, r
′) =
∑
Im βn>0
fnEn,α(r>)E−n,β(r<) , (S13)
where fn = −4piiω/(csm) and r> (r<) denotes one of the vectors r, r′ with greater (lesser) coordinate z.
Proof of the SPDC-SFG correspondence. The complex wavefunction of a photon pair, generated in a χ(2)-nonlinear
structure within the SPDC process, has the amplitude[27]
T (rsσs, riσi) =
∫
d3r0Gσsν(rs, r0, ωs)Gσiµ(ri, r0, ωi)χ
(2)
µν;η(r0)Ep,η(r0, ωp) , (S14)
where rs(ri) and σs(σi) are signal (idler) photon coordinates and polarizations, respectively, and Ep is the electric
field of the pump with the frequency ωp. We now assume that the structure is pumped in the eigenmode np, substitute
the Green function in the form Eq. (S13) and rewrite the biphoton wavefunction in the eigenmode representation as
Ψ(np → ns, ni) = fnifns
∫
d3r0χ
(2)
µν,η(r0)Enp,η(r0)E−ns,µ(r0)E−ni,ν(r0) . (S15)
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Now we consider the SFG process in the reverse direction. Two beams are injected into the “signal” and “idler”
eigenmodes −ni and −ns, propagating in the reverse direction. The generated SWM field is given by the convolution
of the Green function with the nonlinear χ(2)-polarization induced by the incident waves,
ESFG(r) =
∫
d3r0G(r, r0)χ
(2)
µν,η(r0)E−ns,µ(r0)E−ni,ν(r0) . (S16)
Substituting the Green function expansion Eq. (S13) into Eq. (S16) we find the dimensionless SFG conversion am-
plitude from the modes −ns, −ni to the mode −np propagating in the direction opposite to the pump of the SPDC
process:
ξ(−ns,−ni → −np) = fnp
∫
d3r0χ
(2)
µν,η(r0)Enp,η(r0)E−ns,µ(r0)E−ni,ν(r0) . (S17)
Comparing Eq. (S17) and Eq. (S15) we establish our main result, the correspondence between the biphoton wave-
function and the sum-frequency conversion efficiency
Ψ(np → ns, ni) = fnifns
fnp
ξ(−ns,−ni → −np) . (S18)
We stress that the exact structure of the eigenmodes Em was never used in the proof. The only required property
is the structure reciprocity in the linear regime, allowing to expand the Green function Eq. (S13) into the set of
mutually reciprocal eigemodes Em and E−m. As such, Eq. (S18) can be readily generalized to other geometries.
For instance, if the Green function can expanded over the set of the solutions with the asymptotic of outgoing and
incoming spherical waves. Once the proper set of reciprocal solutions is determined, the SPDC-SFG correspondence
relation can be established.
Predicting the absolute SPDC photon count rate from the SFG conversion efficiency. The SFG power conversion
efficiency (erg/sec) can be found from the conversion amplitude Eq. (S17) as
ηSFGnsni(ωs, ωi) =
φnp
φniφns
|ξ(−ns,−ni → −np)|2 , (S19)
where φn = cRe
∫∫
dxdyEn×H∗n/(2pi) is the energy flux for the mode n. In order to determine the photon coincidence
count rate we need to calibrate the photon detection process [27]. To this end we explicitly introduce the signal and
idler detectors modelled as the two-level systems with the dipole momenta matrix elements di, ds and the energies
~ωi, ~ωs. The number of photons absorbed by the detector per unit time is given by
dNabs
dt
=
2pi
~
δ(~ω − ~ωi,s)|d ·E|2, (S20)
where E is the local electric field at the detector. On the other hand, the number of photons traveling through the
given eigenmode n per time is given by dNphot/dt = φn/~ω. The ratio between the numbers of the absorbed photons
and propagating photons provides the quantum efficiency of the detector for the mode n,
QE =
Nabs
Nphot
=
2piω|d ·E|2
~φn
. (S21)
The two-photon coincidence count rate per unit of the signal and idler spectra is formally defined as
dNpair
dtdωidωs
=
Wis
QEiQEs
(S22)
where
Wis =
2pi
~
δ(~ωp − ~ωi − ~ωs)|
∑
σiσs
d∗i d
∗
sT (rsσs, riσi)|2, (S23)
is the uncalibrated rate of two photon counts calculated from the bi-photon amplitude Eq. (S14). In our geometry the
generation and detection take place in the given eigenmodes ns and ni. Substituting the definitions of the quantum
efficiencies into Eq. (S22) we obtain
dNpair
dtdωidωs
=
δ(ωp − ωi − ωs)
2pi
φqiφqs
ωiωs
|Ψ(np → ns, ni)|2 Pp
φqp
(S24)
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FIG. S1. SFG measurements. Measured classical sum-frequency conversion efficiency from waveguide 1 as a function of
signal and idler wavelengths for all input combinations.
where Pp(erg/sec) is the pump power (erg/sec). In order to compare the coincidence count rare Eq. (S24) with the
sum frequency power conversion efficiency Eq. (S19) we make use of our general SPDC-SFG link Eq. (S18). This
yields a general absolute correspondence between the sum frequency rate and the photon pair generation rate:
1
Pp
dNpair
dtdωidωs
=
δ(ωp − ωi − ωs)
2pi
φ2qiφ
2
qs |fqi |2|fqs |2
ωiωsφ2qp |fqp |2
ηSFGnsni(ωs, ωi). (S25)
We now assume that in the detection region the tunneling coupling between the waveguides can be neglected and
the flux and adjoint flux for each of the modes ns, ni, np can be simplified to
φ =
cN|E2|S
2pi
, s = 2S|E2|N , f = − 2piiω
cS|E2|N , (S26)
where S is a characteristic waveguide area and N is the dimensionless mode refractive index. The products φf in
Eq. (S25) then reduce to ωi, ωs, ωp, respectively, and the correspondence law Eq. (S25) assumes the simplified form
1
Pp
dNpair
dtdωidωs
=
δ(ωp − ωi − ωs)
2pi
ωiωs
ω2p
ηSFGnsni(ωs, ωi) . (S27)
Integrating Eq. (S27) over the idler spectrum we recover Eq. (2) in the main text linking the two-photon count rate
per unit signal frequency to the sum frequency generation rate.
SFG characterization data. Figure 1 shows the SFG efficiencies as a function of the wavelengths of signal and
idler lasers for all input combinations. SFG power is measured from waveguide 1. Corresponding measurements of
photon pair generation via SPDC are shown in Fig. 2 for a 28.57 s acquisition time, a pump wavelength λp = 775 nm,
and power Pp = 32±5 µW. Time bin width is 82 ps. Figure 3 shows the complete set of interferometric measurements
used for phase reconstruction. The phases of the different elements Ψij were measured relative to Ψ11.
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FIG. S2. SPDC measurements. Coincidence measurements for all output combinations when a pump beam with wavelength
λp = 775 nm, and power Pp = 32± 5 µW is coupled to waveguide 1.
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FIG. S3. Phase measurements. Oscilloscope traces obtained by collecting the beams with three different photodiodes for
all input combinations. For each combination there are three traces that are used to measure the relative phase between the
wave function elements Ψij and Ψ11. Solid red line is the theoretical fit
